Cohomology and linear deformation of BiHom-left-symmetric algebras by Hassine, Abdelkader Ben et al.
ar
X
iv
:1
90
7.
06
97
9v
1 
 [m
ath
.R
A]
  1
3 J
ul 
20
19
Cohomology and linear deformation of BiHom-left-symmetric
algebras
A. B. Hassine1,2 ∗, T. Chtioui2 †, S. Mabrouk3 ‡, O. Ncib 3 §
1. Department of Mathematics, Faculty of Science and Arts at Belqarn,
P. O. Box 60, Sabt Al-Alaya 61985, University of Bisha, Saudi Arabia
2. Faculty of Sciences, University of Sfax, BP 1171, 3000 Sfax, Tunisia
3. University of Gafsa, Faculty of Sciences Gafsa, 2112 Gafsa, Tunisia
Abstract
The aim of this work is to introduce representations of BiHom-left-symmetric algebras.
and develop its cohomology theory. As applications, we study linear deformations of BiHom-
left-symmetric algebras, which are characterized by its second cohomology group with the
coefficients in the adjoint representation. The notion of a Nijenhuis operator on a BiHom-left-
symmetric algebra is introduced. We will prove that it can generate trivial linear deformations
of a BiHom-left-symmetric algebra.
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Introduction
Left-symmetric algebras (called also pre-Lie algebras) arise in many areas of mathematics and
physics. They have already been introduced by A. Cayley in 1896, in the context of rooted tree
algebras. Then they were forgotten for a long time until Vinberg in 1960 and Koszul in 1961who
introduced them in the context of convex homogeneous cones.
Representations and cohomology theory of left-symmetric algebras were studied by Askar Dzhu-
madil’daev in [5]. Recently, representations and cohomology of Hom-left-symmetric algebras were
developed in [10, 12].
In the present paper, we will study the representation and the cohomology theory of BiHom-left-
symmetric algebras. Recall that a BiHom-algebra is an algebra in such a way that the identities
defining the structure are twisted by two homomorphisms α and β. This class of algebras was
introduced from a categorical approach in [6] as an extension of the class of Hom-algebras [11].
Other classes of BiHom-algebras can be found in [2, 3, 14].
The notion of a BiHom-left-symmetric algebra (or BiHom-pre-Lie algebras) was introduced in
[7].
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There is a close relationship between BiHom-left-Lie algebras and BiHom-Lie algebras: a
BiHom-left-symmetric algebra (A, ·, α, β) gives rise to a BiHom-Lie algebra (A, [·, ·]C , α, β) via the
commutator bracket (in the BiHom sense), which is called the sub-adjacent BiHom-Lie algebra and
denoted by AC . On the other hand, any BiHom-Lie algebra gives rise to a BiHom-left-symmetric
algebra using the Rota-Baxter operator.
Despite there are important applications of BiHom-left-symmetric algebras, cohomologies of
BiHom-left-symmetric algebras have not been well developed due to its complexity. The aim of
this work is to develop representations and cohomology theories of this class of algebras and give
some of its applications.
In the present work, we give the natural formula of the representation of a BiHom-left-symmetric
algebra and provide some related results. Moreover, we show that there is well-defined tensor
product of two representations of a BiHom-left-symmetric algebra. This is the content of Section
2.
In Section 3, we give the cohomology theory of a BiHom-left-symmetric algebra (A, ·, α, β) with
the coefficient in a representation (V, L,R, φ, ψ). The main contribution is to define the coboundary
operator ∂ : Cn(A;V ) −→ Cn+1(A;V ).
In Section 4, we study linear deformations of a BiHom-left-symmetric algebra using the coho-
mology with the coefficient in the adjoint representation defined in Section 3. We introduce the
notion of a Nijenhuis operator on a BiHom-left-symmetric algebra and show that it gives rise to
a trivial deformation. Finally, we study the relation between linear deformations of a BiHom-left-
symmetric algebra and linear deformations of its sub-adjacent BiHom-Lie algebra.
We work over a base field K of characteristic zero. All algebras, linear spaces etc. will be over
K. Throughout the paper, all the BiHom-algebras are considered regular.
1 Preliminaries
In this section, we recall definition, representations and some key results of BiHom-Lie algebras [6]
and introduce the notion of an O-operator on a BiHom-Lie algebra.
Definition 1.1. A BiHom-Lie algebra is a tuple (g, [·, ·], α, β) consisting of a linear space g, a
linear map [·, ·] : ⊗2g −→ g and two algebra morphisms α, β : g −→ g, satisfying
α ◦ β =β ◦ α,
[β(x), α(y)] =− [β(y), α(x)],
	x,y,z∈g [β
2(x), [β(y), α(x)]] = 0, (1.1)
for any x, y, z ∈ g.
Definition 1.2. A morphism of BiHom-Lie algebra f : (g, [·, ·]g, α, β) −→ (g
′, [·, ·]g′ , α
′, β′) is a
linear map f : g −→ g′ such that
f [x, y]g = [f(x), f(y)]g′ , ∀ x, y ∈ g,
f ◦ α = α′ ◦ f, f ◦ β = β′ ◦ f.
Definition 1.3. A representation of a BiHom-Lie algebra (g, [·, ·], α, β) on a vector space V with
respect to commuting linear maps φ, ψ : V → V is a linear map ρ : g −→ gl(V ), such that for all
x, y ∈ g, the following equalities are satisfied
ρ(α(x)) ◦ φ = φ ◦ ρ(x), (1.2)
2
ρ(β(x)) ◦ ψ = ψ ◦ ρ(x), (1.3)
ρ([β(x), y]) ◦ ψ = ρ(αβ(x)) ◦ ρ(y)− ρ(β(y)) ◦ ρ(α(x)). (1.4)
We denote such a representation by (V, ρ, φ, ψ). For all x ∈ g, we define adx : g → g by
adx(y) = [x, y], ∀y ∈ g.
Then ad : g −→ gl(g) is a representation of the BiHom-Lie algebra (g, [·, ·], α, β) on g with respect
to α and β, which is called the adjoint representation.
Lemma 1.4. Let (g, [·, ·], α, β) be a BiHom-Lie algebra, (V, φ, ψ) a vector space with two commuting
linear transformations and ρ : g → gl(V ) a linear map. Then (V, ρ, φ, ψ) is a representation of
(g, [·, ·], α, β) if and only if (g⊕ V, [·, ·]ρ, α + φ, β + ψ) is a BiHom-Lie algebra, where [·, ·]ρ, α + φ
and β + ψ are defined by
[x+ u, y + v]ρ = [x, y] + ρ(x)v − ρ(α
−1β(y))φψ−1u, (1.5)
(α + φ)(x + u) = α(x) + φ(u), (1.6)
(β + ψ)(x + u) = β(x) + ψ(u), (1.7)
for all x, y ∈ g, u, v ∈ V .
This BiHom-Lie algebra is called the semidirect product of (g, [·, ·], α, β) and (V, φ, ψ) and
denoted by g⋉ρ V.
Now we introduce the definition of an O-operator on a BiHom-Lie algebra associated to a given
representation, which generalize the Rota-Baxter operator of weight 0 introduced in [7] and defined
as a linear operator R on a BiHom-Lie algebra (g, [·, ·], α, β) such that R ◦α = α ◦R, R ◦β = β ◦R
and
[R(x), R(y)] = R([R(x), y] + [x,R(y)]), ∀x, y ∈ g.
Definition 1.5. Let (g, [·, ·], α, β) be a BiHom-Lie algebra and (V, ρ, φ, ψ) be a representation. A
linear map T : V → A is called an O-operator associated to ρ, if it satisfies
[T (u), T (v)] = T (ρ(T (u))v − ρ(T (φ−1ψ(v)))φψ−1(u)), ∀u, v ∈ V. (1.8)
Let (A, ·) be a left-symmetric algebra. The commutator [x, y]A = x · y − y · x defines a Lie
algebra structure on A, which is called the sub-adjacent Lie algebra of A and denoted by g(A).
Furthermore, L : A −→ gl(A) with L(x)y = x · y gives a representation of the Hom-Lie algebra
g(A) on A.
Definition 1.6. Let (A, ·) be a left-symmetric algebra and V a vector space. A representation of
A on V consists of a pair (L,R), where L : A −→ gl(V ) is a representation of the Lie algebra g(A)
on A and R : A −→ gl(V ) is a linear map satisfying
Ł(x) ◦R(y)−R(y) ◦ L(x) = R(x · y)−R(y) ◦ L(x), ∀ x, y ∈ A. (1.9)
Usually, we denote a representation by (V, L,R). Define ℓ, r : A −→ gl(A) by ℓ(x)y = x · y =
r(y)x. Then (A, ℓ, r) is a representation of (A, ·) called the adjoint representation.
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2 Representations of BiHom-left-symmetric algebras
Let (A, ·, α, β) be a BiHom-left-symmetric algebra. We always assume that it is regular, i.e. α, β
are invertible. The commutator [x, y]C = x · y − α
−1β(y) · αβ−1(x) gives a BiHom-Lie alge-
bra (A, [·, ·]C , α, β), which is denoted by A
C and called the sub-adjacent BiHom-Lie algebra of
(A, ·, α, β). For more details see [7].
Definition 2.1. A BiHom-left-symmetric algebra is a tuple (A, ·, α, β) consisting of a vector space
A where · : A ⊗ A → A is a linear map and α, β : A → A are two linear maps such that for any
x, y, z ∈ A
α ◦ β =β ◦ α, (2.1)
α(x · y) = α(x) · α(y),β(x · y) = β(x) · β(y), (2.2)
(β(x) · α(y)) · αβ(z)− αβ(x) · (α(y) · z) =(β(y) · α(x)) · αβ(z)− αβ(y) · (α(x) · z). (2.3)
Definition 2.2. A morphism from a BiHom-left-symmetric algebra (A, ·, α, β) to a BiHom-left-
symmetric algebra (A′, ·′, α′, β′) is a linear map f : A −→ A′ such that for all x, y ∈ A, the
following equalities are satisfied
f(x · y) = f(x) ·′ f(y), (2.4)
f ◦ α = α′ ◦ f, (2.5)
f ◦ β = β′ ◦ f. (2.6)
Definition 2.3. A representation of a BiHom-left-symmetric algebra (A, ·, α, β) on a vector space
V with respect to two commuting linear maps φ, ψ : V → V consists of a pair (L,R), where
L,R : A −→ gl(V ) are two linear maps satisfying, for all x, y ∈ A,
φL(x) = L(α(x))φ, ψL(x) = L(β(x))ψ, φR(x) = R(α(x))φ, ψR(x) = R(β(x))ψ, (2.7)
L(β(x) · α(y))ψ − L(αβ(x))L(α(y)) = L(β(y) · α(x))ψ − L(αβ(y))L(α(x)), (2.8)
R(β(x))L(β(y))φ − L(αβ(y))R(x)φ = R(β(x))R(α(y))ψ −R(α(y) · x)φψ. (2.9)
We denote a representation of a BiHom-left-symmetric algebra (A, ·, α, β) by (V, L,R, φ, ψ). We
define the linear operation ·⋉ : ⊗
2(A⊕ V ) → (A⊕ V ) by
(x+ u) ·⋉ (y + v) := x · y + L(x)(v) +R(y)(u), ∀x, y ∈ A, u, v ∈ V. (2.10)
and the linear maps α+ φ, β + ψ : A⊕ V −→ A⊕ V by
(α + β)(x+ u) := α(x) + φ(u), (β + ψ)(x + u) := β(x) + ψ(u), ∀x ∈ A, u ∈ V. (2.11)
Proposition 2.4. With the above notations, (A⊕V, ·⋉, α+φ, β+ψ) is a BiHom-left-symmetric alge-
bra if and only if (V, L,R, φ, ψ) is a representation of the BiHom-left-symmetric algebra (A, ·, α, β).
It is denoted by A⋉(L,R) V and called the semidirect product of (A, ·, α, β) and (V, φ, ψ).
Proof. Let x, y, z ∈ A and u, v, w,∈ V . Then
((β(x) + ψ(u)) ·⋉ (α(y) + φ(v))) ·⋉ (β(z) + ψ(w)) − (αβ(x) + φψ(u)) ·⋉ ((α(y) + φ(v)) ·⋉ (z + w))
=(β(x) · α(y) + L(β(x))φ(v) + R(α(y))ψ(u)) ·⋉ (β(z) + ψ(w))
−(αβ(x) + φψ(u)) ·⋉ (α(y) · z + L(α(y))w +R(z)φ(v))
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=(β(x) · α(y)) · β(z) + L(β(x) · α(y))ψ(w) +R(β(z))L(β(x))φ(v) −R(β(z))R(α(y))ψ(u)
−αβ(x) · (α(y) · z)− L(αβ(x))L(α(y))w − L(αβ(x))R(z)φ(v) −R(α(y) · z)φψ(u).
On the other hand,
((β(y) + ψ(v)) ·⋉ (α(x) + φ(u))) ·⋉ (β(z) + ψ(w)) − (αβ(y) + φψ(v)) ·⋉ ((α(x) + φ(u)) ·⋉ (z + w))
=(β(y) · α(x) + L(β(y))φ(u) +R(α(x))ψ(v)) ·⋉ (β(z) + ψ(w))
−(αβ(y) + φψ(v)) ·⋉ (α(x) · z + L(α(x))w +R(z)φ(u))
=(β(y) · α(x)) · β(z) + L(β(y) · α(x))ψ(w) +R(β(z))L(β(y))φ(u) −R(β(z))R(α(x))ψ(v)
−αβ(y) · (α(x) · z)− L(αβ(y))L(α(x))w − L(αβ(y))R(z)φ(u) −R(α(x) · z)φψ(v).
Using the fact that (A, ·, α, β) is a BiHom-left-symmetric algebra and identities (2.8)-(2.9), we
deduce that (A⊕ V, ·⋉, α+ φ, β + ψ) is a BiHom-left-symmetric algebra.
Example 2.5. Let (A, ·, α, β) be a BiHom-left-symmetric algebra. Define ℓ, r : A −→ gl(A) by
ℓx(y) = x · y, rx(y) = y · x, ∀x, y ∈ A.
Then (A, ℓ, r, α, β) is a representation of (A, ·, α, β), which is called the adjoint representation.
Example 2.6. Let (A, ·, α, β) be a BiHom-left-symmetric algebra. Then (R, 0, 0, 1, 1) is a repre-
sentation of (A, ·, α, β), which is called the trivial representation.
Proposition 2.7. Let (V, L,R, φ, ψ) be a representation of a BiHom-left-symmetric algebra (A, ·, α, β).
Then we have the following assertions
(i) (V, L, φ, ψ) is a representation of the sub-adjacent BiHom-Lie algebra AC .
(ii) (V, ρ, φ, ψ) is a representation of the sub-adjacent BiHom-Lie algebra AC , where for any
x ∈ A,
ρ(x) = L(x)−R(αβ−1(x)) ◦ φ−1ψ. (2.12)
Proof. (i) Using Eq. (2.8) we can easily check that L is a representation of AC on V with respect
to φ, ψ.
(ii) By Proposition 2.4, the semidirect product A⋉(L,R) V is a BiHom-left-symmetric algebra .
Consider its subadjacent BiHom-Lie algebra structure (A⊕ V, [·, ·]C , α+ φ, β + β), we have
[x + u, y + v]C = (x+ u) ·⋉ (y + v)− (α+ φ)
−1(β + ψ)(y + v) ·⋉ (α+ φ)(β + ψ)
−1(x+ u)
=(x + u) ·⋉ (y + v)− (α
−1β(y) + φ−1ψ(v)) ·⋉ (αβ
−1(x) + φψ−1(u))
=x · y + L(x)v +R(y)u− α−1β(y) · αβ−1(x) − L(α−1β(y))φψ−1(u)−R(αβ−1(x))φ−1ψ(v)
=[x, y]C + (L(x)−R(αβ
−1(x))φ−1ψ)(v) − (L(α−1β(y))φψ−1 − R(y))(u).
According to Lemma 1.4, we deduce that (V, ρ, φ, ψ) is a representation of the BiHom-Lie algebra
AC .
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Let (V, L,R) be a representation of a left-symmetric algebra (A, ·). Given four linear maps
α, β : A→ A and φ, ψ : V → V satisfying
αβ = βα, φψ = ψφ,
φL(x) = L(α(x))φ, ψL(x) = L(β(x))ψ,
φR(x) = R(α(x))φ, ψR(x) = R(β(x))ψ.
Then, define L,R : A → gl(V ) and ·α,β : A
⊗2 → A respectively by L(x) = L(α(x))ψ, R(x) =
R(β(x))φ and x ·α,β y = α(x) · β(y). We have the following conclusion
Proposition 2.8. Under the above notations, (V,L,R, φ, ψ) is a representation of the BiHom-left-
symmetric algebra (A, ·α,β , α, β).
Proof. Let x, y ∈ A and v ∈ V . It is easy to check that
φL(x) = L(α(x))φ, ψL(x) = L(β(x))ψ,
φR(x) = R(α(x))φ, ψR(x) = R(β(x))ψ.
To prove (2.8), we compute as follows
L(β(x) ·α,β α(y))ψ(v) − L(αβ(x))L(α(y))v
=L(αβ(x) · αβ(y))ψ(v) − L(αβ(x))L(α2(y))ψ(v)
=L(α2β(x) · α2β(y))ψ2(v)− L(α2β(x))L(α2β(y))ψ2(v)
=L(α2β(y) · α2β(x))ψ2(v)− L(α2β(y))L(α2β(x))ψ2(v)
=L(β(y) ·α,β α(x))ψ(v) − L(αβ(y))L(α(x))v.
Similarly, one can get identity (2.9).
Theorem 2.9. Let T : V → g be an O-operator on a BiHom-Lie algebra (g, [·, ·], α, β) associated
to a representation (V, ρ, φ, ψ). Then there exists a BiHom-left-symmetric algebra structure on V
defined by
u ∗ v = ρ(T (u))v, ∀u, v ∈ V. (2.13)
Therefore V is a BiHom-Lie algebra as the sub-adjacent BiHom-Lie algebra of this BiHom-left-
symmetric algebra and T is a homomorphism of BiHom-Lie algebras. Furthermore, T (V ) =
{T (v)|v ∈ V } ⊆ g is a BiHom-Lie subalgebra of g and there is an induced BiHom-left-symmetric
algebra structure on T (V ) given by
T (u) ◦ T (v) = T (u ∗ v) = T (ρ(T (u))v), ∀u, v ∈ V. (2.14)
Moreover, T is a homomorphism of BiHom-left-symmetric algebras.
Proof. Let u, v, w ∈ V . Then we have
(ψ(u) ∗ φ(v)) ∗ ψ(w) − φψ(u) ∗ (φ(v) ∗ w)
=(ρ(T (ψ(u)))φ(v)) ∗ ψ(w) − φψ(u) ∗ (ρ(T (φ(v)))w)
=ρ(T (ρ(T (ψ(u)))φ(v)))ψ(w) − ρ(T (φψ(u)))ρ(T (φ(v)))w
=ρ[Tψ(u), Tφ(v)]ψ(w) + ρ(T (ρ(T (ψ(v)))φ(u))ψ(w)
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−ρ[Tψ(u), Tφ(v)]ψ(w) − ρ(Tφψ(v))ρ(Tφ(u))w
=ρ(T (ρ(T (ψ(v)))φ(u))ψ(w) − ρ(Tφψ(v))ρ(Tφ(u))w
=(ψ(v) ∗ φ(u)) ∗ ψ(w) − φψ(v) ∗ (φ(u) ∗ w).
Hence (V, ∗, φ, ψ) is a BiHom-left-symmetric algebra. On the other hand,
T ([u, v]V C ) =T (u ∗ v − φ
−1ψ(v) ∗ φψ−1(u))
=T (ρ(T (u))v − ρ(T (φ−1ψ(v)))φψ−1(u))
=[T (u), T (v)],
which implies that T is a homomorphism of BiHom-Lie algebras. The other conclusions follow
immediately.
A direct consequence of Theorem 2.9 is the following construction of a BiHom-left-symmetric
algebra from a Rota-Baxter operator (of weight zero) of a BiHom-Lie algebra.
Corollary 2.10. [7] Let (g, [·, ·], α, β) be a BiHom-Lie algebra and R : g → g be a Rota-Baxter
operator of weight zero. Then there is a BiHom-left-symmetric algebra structure on g given by
x ∗ y = [R(x), y] ∀x, y ∈ g. (2.15)
Proposition 2.11. Let (g, [·, ·], α, β) be a BiHom-Lie algebra. Then there exists a compatible
BiHom-left-symmetric algebra structure on g if and only if there exists an invertible O-operator of
(g, [·, ·], α, β).
Proof. If there exists an invertible O-operator of (g, [·, ·], α, β) associated to a representation
(V, ρ, φ, ψ), then by Theorem 2.9, there is a BiHom-left-symmetric algebra structure on g given
by
x ◦ y = T (ρ(x)T−1(y)), ∀x, y ∈ g.
Conversely, let (g, ·, α, β) be a BiHom-left-symmetric algebra and (g, [·, ·], α, β) be the associated
BiHom-Lie algebra. Then the identity map id : g→ g is an O-operator of (g, [·, ·], α, β) associated
to (g, ad, α, β).
At the end of this section, we show that the tensor product of two representations of a BiHom-
left-symmetric algebra is still a representation.
Proposition 2.12. Let (A, ·, α, β) be a BiHom-left-symmetric algebra, (V, LV , RV , φV , ψV ) and
(W,LW , RW , φW , ψW ) two representations of A. Then (V⊗W,LV⊗ψW+ψV⊗(LW−RW (αβ
−1(·))φ−1W ψW ), RV⊗
φW , φV ⊗ φW , ψV ⊗ ψW ) is a representation of (A, ·, α, β).
Proof. Since (V, LV , RV , φV , ψV ) and (W,LW , RW , φW , ψW ) are representations of a BiHom-left-
symmetric algebra (A, ·, α, β), for all x ∈ A, we have
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(α(x)) ◦ (φV ⊗ φW )
−(φV ⊗ φW ) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(x)
=
(
LV (α(x)) ◦ ψV
)
⊗ (ψW ◦ φW ) + (ψV ◦ φV )⊗
(
LW (α(x)) ◦ φW
)
−(ψV ◦ φV )⊗
(
PW (α
2β−1(x)) ◦ ψW
)
−
(
φV ◦ LV (x)
)
⊗ (φW ◦ ψW )
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−(φV ◦ ψV )⊗
(
φW ◦ LW (x)
)
+ (φV ◦ ψV )⊗
(
φW ◦RW (αβ
−1(x)) ◦ φ−1ψW
)
= 0,
which implies that(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(α(x)) ◦ (φV ⊗ φW ) (2.16)
=(φV ⊗ φW ) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(x),
and (
RV ⊗ φW
)
(α(x)) ◦ (φV ⊗ φW )− (φV ⊗ φW ) ◦
(
RV ⊗ φW
)
(x)
= (RV (α(x)) ◦ φV ⊗ φ
2
W )− (φV ◦RV (x)⊗ φ
2
W ) = 0,
which implies that(
RV ⊗ φW
)
(α(x)) ◦ (φV ⊗ φW ) = (φV ⊗ φW ) ◦
(
RV ⊗ φW
)
(x). (2.17)
Similarly, we have(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(β(x)) ◦ (ψV ⊗ ψW ) (2.18)
=(ψV ⊗ ψW ) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(x),
and (
RV ⊗ φW
)
(β(x)) ◦ (ψV ⊗ ψW ) = (ψV ⊗ ψW ) ◦
(
RV ⊗ φW
)
(x). (2.19)
For all x, y ∈ A, by straightforward computations, we have(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
([β(x), α(y)]) ◦ (ψV ⊗ ψW )
−
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(αβ(x)) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(α(y))
+
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(αβ(y)) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(α(x))
=
(
LV ([β(x), α(y)]) ◦ ψV
)
⊗ (ψW ◦ ψW ) + (ψV ◦ ψV )⊗
(
LW ([β(x), α(y)]) ◦ ψW
)
−(ψV ◦ ψV )⊗
(
RW ([α(x), α
2
β
−1(y)]) ◦ φ−1W ◦ ψ
2
W
)
−
(
LV (αβ(x)) ◦ LV (α(y))
)
⊗ (ψW ◦ ψW )
−
(
LV (αβ(x)) ◦ ψV
)
⊗
(
ψW ◦RW (α(y))
)
+
(
LV (αβ(x)) ◦ ψV
)
⊗
(
ψW ◦RW (α
2
β
−1(y))
)
φ
−1
W ψ
2
W
−
(
ψV ◦ LV (α(y))
)
⊗
(
LW (αβ(x)) ◦ ψW
)
− (ψV ◦ ψV )⊗
(
LW (αβ(x)) ◦ LW (α(y))
)
+(ψV ◦ ψV )⊗
(
LW (αβ(x)) ◦ RW (α
2
β
−1(y))
)
φ
−1
ψ +
(
ψV ◦ LV (α(y))
)
⊗
(
RW (α
2(x)) ◦ φ−1W ψ
2
W
)
+(ψV ◦ ψV )⊗
(
RW (α
2(x)) ◦ φ−1W ψW ◦ LW (α(y))
)
− (ψV ◦ ψV )⊗
(
RW (α
2(x)) ◦ φ−1W ψW ◦RW (α
2
β
−1(y)
)
φ
−1
W ψW
+
(
LV (αβ(y)) ◦ LV (α(x))
)
⊗ (ψW ◦ ψW )−
(
LV (αβ(y)) ◦ ψV
)
⊗
(
ψW ◦ RW (α(x))
)
−
(
LV (αβ(y)) ◦ ψV
)
⊗
(
ψW ◦RW (α
2
β
−1(x))
)
φ
−1
W ψW +
(
ψV ◦ LV (α(x))
)
⊗
(
LW (αβ(y)) ◦ ψW
)
+(ψV ◦ ψV )⊗
(
LW (αβ(y)) ◦ LW (α(x))
)
− (ψV ◦ ψV )⊗
(
LW (αβ(y)) ◦ RW (α
2
β
−1(x))
)
φ
−1
ψ
2
+
(
ψV ◦ LV (α(x))
)
⊗
(
rW (α
2(y)) ◦ φ−1W ψ
2
W
)
− (ψV ◦ ψV )⊗
(
RW (α
2(y)) ◦ φ−1W ψW ◦ LW (α(x))
)
−(ψV ◦ ψV )⊗
(
RW (α
2(y)) ◦ φ−1W ψW ◦RW (α
2
β
−1(x)
)
φ
−1
W ψW = 0,
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which implies that(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
([β(x), α(y)]) ◦ (ψV ⊗ ψW ) (2.20)
=
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(αβ(x)) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(α(y))
−
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(αβ(y)) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW )
)
(α(x)).
Similarly, we have
(φV ⊗ φW )(β(y)) ◦
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW
)
(β(x))
−
(
LV ⊗ ψW + ψV ⊗ (LW −RW (αβ
−1(·))φ−1W ψW
)
(αβ(x)) ◦ (φV ⊗ φW )(y)
= (φV ⊗ φW )(β(y)) ◦ (φV ⊗ φW )(α(x)) − (φV ⊗ φW )(α(x) · y) ◦ (βV ⊗ βW ). (2.21)
By (2.16), (2.17), (2.18), (2.19), (2.20) and (2.21), , we deduce that (V ⊗W,LV ⊗ ψW + ψV ⊗
(LW −RW (αβ
−1(·))φ−1W ψW ), RV ⊗ φW , φV ⊗ φW , ψV ⊗ ψW ) is a representation of (A, ·, α, β).
3 Cohomologies of BiHom-left-symmetric algebras
In this section, we establish the cohomology theory of BiHom-left-symmetric algebras. See [5] for
more details for the cohomology theory of left-symmetric algebras and [10] for the cohomology
theory of Hom-left-symmetric algebras.
Let (V, L,R, φ, ψ) be a representation of a BiHom-left-symmetric algebra (A, ·, α, β). An n-
cochains is a linear map f : ∧n−1A⊗A→ V such that it is compatible with α, β and φ, ψ in the
sense that φf = fα⊗n, ψf = fβ⊗n. The set of n-cochains is denoted by Cn(A;V ), ∀n ≥ 0.
For all f ∈ Cn(A;V ), x1, . . . , xn+1 ∈ A, define the operator ∂
n : Cn(A;V ) −→ Cn+1(A;V ) by
(∂nf)(x1, . . . , xn+1) (3.1)
=
n∑
i=1
(−1)i+1L(αn−1βn−1(xi))f(α(x1), . . . , α̂(xi), . . . , α(xn), xn+1)
+
n∑
i=1
(−1)i+1R(βn−1(xn+1))f(β(x1), . . . , β̂(xi), . . . , β(xn), α
n−1(xi))
−
n∑
i=1
(−1)i+1f(αβ(x1), . . . , α̂β(xi) . . . , αβ(xn), α
n−1(xi) · xn+1)
+
∑
1≤i<j≤n
(−1)i+jf([β(xi), α(xj)]C , αβ(x1), . . . , α̂β(xi), . . . , α̂β(xj), . . . , αβ(xn), β(xn+1)).
Lemma 3.1. With the above notations, for any f ∈ Cn(A;V ), we have
φ(∂nf) = (∂nf)α⊗n+1,
ψ(∂nf) = (∂nf)β⊗n+1.
Thus we obtain a well-defined map
∂n : Cn(A;V ) −→ Cn+1(A;V ).
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Proof. Let f ∈ Cn(A;V ), x1, . . . , xn+1 ∈ A, we have
(∂nf)(α(x1), . . . , α(xn+1))
=
n∑
i=1
(−1)i+1L(αnβn−1(xi))f(α
2(x1), . . . , α̂2(xi), . . . , α
2(xn), α(xn+1))
+
n∑
i=1
(−1)i+1R(αβn−1(xn+1))f(αβ(x1), . . . , α̂β(xi), . . . , αβ(xn), α
n(xi))
−
n∑
i=1
(−1)i+1f(α2β(x1), . . . , α̂2β(xi) . . . , α
2β(xn), α
n(xi) · xn+1))
+
∑
1≤i<j≤n
(−1)i+jf([αβ(xi), α
2(xj)]C , α
2β(x1), . . . , α̂2β(xi), . . . , ̂α2β(xj), . . . , α
2β(xn), αβ(xn+1))
=
n∑
i=1
(−1)i+1φL(αn−1βn−1(xi))f(α(x1), . . . , α̂(xi), . . . , α(xn), xn+1)
+
n∑
i=1
(−1)i+1φR(βn−1(xn+1))f(β(x1), . . . , β̂(xi), . . . , β(xn), α
n(xi))
−
n∑
i=1
(−1)i+1φf(αβ(x1), . . . , α̂β(xi) . . . , αβ(xn), α
n(xi) · xn+1))
+
∑
1≤i<j≤n
(−1)i+jφf([β(xi), α(xj)]C , αβ(x1), . . . , α̂β(xi), . . . , α̂β(xj), . . . , αβ(xn), β(xn+1))
= φ(∂nf)(x1, . . . , xn+1).
Similarly, we obtain (∂nf)(β(x1), . . . , β(xn+1)) = ψ(∂
nf)(x1, . . . , xn+1).
Theorem 3.2. The operator ∂n defined as above satisfies ∂n+1 ◦ ∂n = 0.
Proof. Let f ∈ Cn(A;V ), x1, . . . , xn+1, xn+2 ∈ A, we have
∂n+1 ◦ ∂n(f)(x1, . . . , xn+2)
=
n+1∑
i=1
(−1)i+1L(αnβn(xi))∂
nf(α(x1), . . . , α̂(xi), . . . , α(xn+1, xn+2))
+
n+1∑
i=1
(−1)i+1R(βn(xn+2))∂
nf(β(x1), . . . , β̂(xi), . . . , β(xn+1), α
n(xi))
−
n+1∑
i=1
(−1)i+1∂nf(αβ(x1), . . . , α̂β(xi) . . . , αβ(xn+1), α
n(xi) · xn+2)
+
∑
1≤i<j≤n+1
(−1)i+j∂nf([β(xi), α(xj)]C , αβ(x1), . . . , α̂β(xi), . . . , α̂β(xj), . . . , αβ(xn+1), β(xn+2))
= Ω1 +Ω2 − Ω3 +Ω4.
Where
Ω1 =
n+1∑
i=1
(−1)i+1L(αnβn(xi))∂
n
f(α(x1), . . . , α̂(xi), . . . , α(xn+1), xn+2)
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=n+1∑
i=1
n∑
j=1
j<i
(−1)i+jL(αnβn(xi))L(α
n
β
n−1(xj))f(α
2(x1), .., x̂j,i, .., α
2(xn+1), xn+2) (3.2)
+
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1L(αnβn(xi))L(α
n
β
n−1(xj))f(α
2(x1), .., x̂i,j , .., α
2(xn+1), xn+2) (3.3)
+
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jL(αnβn(xi))R(β
n−1(xn+2))f(αβ(x1), .., x̂j,i, .., αβ(xn+1), α
n(xj)) (3.4)
+
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1L(αnβn(xi))R(β
n−1(xn+2))f(αβ(x1), .., x̂i,j , .., αβ(xn+1), α
n(xj)) (3.5)
−
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jL(αnβn(xi))f(α
2
β(x1), .., x̂j,i, .., α
2
β(xn+1), α
n(xj) · xn+2) (3.6)
−
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1L(αnβn(xi))f(α
2
β(x1), .., x̂i,j , .., α
2
β(xn+1), α
n(xj) · xn+2) (3.7)
−
n+1∑
i=1
∑
j<k<i
(−1)i+j+kL(αnβn(xi))f([αβ(xj), α
2(xk)]C , α
2
β(x1), .., x̂j,k,i, .., α
2
β(xn+1), β(xn+2)) (3.8)
+
n+1∑
i=1
∑
j<i<k
(−1)i+j+kL(αnβn(xi))f([αβ(xj), α
2(xk)]C , α
2
β(x1), .., x̂j,i,k, .., α
2
β(xn+1), β(xn+2)) (3.9)
−
n+1∑
i=1
∑
i<j<k
(−1)i+j+kL(αnβn(xi))f([αβ(xj), α
2(xk)]C , α
2
β(x1), .., x̂i,j,k, .., α
2
β(xn+1), β(xn+2)) (3.10)
and
Ω2 =
n+1∑
i=1
(−1)i+1R(βn(xn+2))∂
n
f(β(x1), .., β̂(xi), .., β(xn+1), α
n(xi))
=
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jR(βn(xn+2))L(α
n−1
β
n(xj))f(αβ(x1), .., x̂j,i, .., αβ(xn+1), α
n(xi)) (3.11)
+
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1R(βn(xn+2))L(α
n−1
α
n−1
β
n(xj))f(αβ(x1), .., x̂i,j , .., αβ(xn+1), α
n(xi)) (3.12)
+
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jR(βn(xn+2))R(α
n
β
n−1(xi))f(β
2(x1), .., x̂j,i, .., α
n−1
β(xj)) (3.13)
+
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1R(βn(xn+2))R(α
n
β
n−1(xi))f(β
2(x1), .., x̂i,j , .., α
n−1
β(xj)) (3.14)
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−n+1∑
i=1
n∑
j=1
j<i
(−1)i+jR(βn(xn+2))f(αβ
2(x1), .., x̂j,i, .., αβ
2(xn+1), α
n−1
β(xj) · α
n(xi)) (3.15)
−
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1R(βn(xn+2))f(αβ
2(x1), .., x̂i,j , .., αβ
2(xn+1), α
n−1
β(xj) · α
n(xi)) (3.16)
−
n+1∑
i=1
∑
j<k<i
(−1)i+j+kR(βn(xn+2))f([β
2(xj), α
2(xk)]C , αβ
2(x1), .., x̂j,k,i, .., αβ
2(xn+1), α
n
β(xi)) (3.17)
+
n+1∑
i=1
∑
j<i<k
(−1)i+j+kR(βn(xn+2))f([β
2(xj), α
2(xk)]C , αβ
2(x1), .., x̂j,i,k, .., αβ
2(xn+1), α
n
β(xi)) (3.18)
−
n+1∑
i=1
∑
i<j<k
(−1)i+j+kR(βn(xn+2))f([β
2(xj), α
2(xk)]C , αβ
2(x1), .., x̂i,j,k, .., αβ
2(xn+1), α
n
β(xi)), (3.19)
and
Ω3 =
n+1∑
i=1
(−1)i+1∂nf(αβ(x1), .., α̂β(xi).., αβ(xn+1), α
n(xi) · xn+2)
=
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jL(αnβn(xj))f(α
2
β(x1), .., x̂j,i, .., α
2
β(xn+1), α
n(xi) · xn+2) (3.20)
+
n+1∑
i=1
n∑
j=1
j>i
(−1)i+j−1L(αnβn(xj))f(α
2
β(x1), .., x̂i,j , .., α
2
β(xn+1), α
n(xi) · xn+2) (3.21)
+
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jR(αnβn−1(xi) · β
n−1(xn+2))f(αβ
2(x1), .., x̂j,i, .., α
2
β(xn+1), α
n
β(xj)) (3.22)
+
n+1∑
i=1
n∑
j=1
j>i
(−1)i+jR(αnβn−1(xi) · β
n−1(xn+2))f(αβ
2(x1), .., x̂i,j , .., α
2
β(xn+1), α
n
β(xj)) (3.23)
−
n+1∑
i=1
n∑
j=1
j<i
(−1)i+jf(α2β2(x1), .., x̂j,i, .., α
2
β
2(xn+1), (α
n
β(xj)) · (α
n(xi) · xn+2)) (3.24)
−
n+1∑
i=1
n∑
j=1
j>i
(−1)i+jf(α2β2(x1), .., x̂i,j , .., α
2
β
2(xn+1), (α
n
β(xj)) · (α
n(xi) · xn+2)) (3.25)
−
n+1∑
i=1
∑
j<k<i
(−1)i+j+kf([αβ2(xj), α
2
β(xk)]C , α
2
β
2(x1), .., x̂j,k,i, .., α
2
β
2(xn+1), α
n
β(xi) · β(xn+2)) (3.26)
+
n+1∑
i=1
∑
j<i<k
(−1)i+j+kf([αβ2(xj), α
2
β(xk)]C , α
2
β
2(x1), .., x̂j,i,k, .., α
2
β
2(xn+1), α
n
β(xi) · β(xn+2)) (3.27)
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−n+1∑
i=1
∑
i<j<k
(−1)i+j+kf([αβ2(xj), α
2
β(xk)]C , α
2
β
2(x1), .., x̂i,j,k, .., α
2
β
2(xn+1), α
n
β(xi) · β(xn+2)) (3.28)
and
Ω4 =
∑
1≤i<j≤n+1
(−1)i+j∂nf([β(xi), α(xj)]C , αβ(x1), .., x̂i,j , .., αβ(xn+1), β(xn+2))
=
∑
1≤i≤j≤n+1
(−1)i+jL([αn−1βn(xi), α
n
β
n−1(xj)]C)f(α
2
β(x1), .., x̂i,j , .., α
2
β(xn+1), β(xn+2)) (3.29)
+
n+1∑
1≤i≤j
∑
k<i
(−1)i+j+k+1L(αnβn(xk))f([αβ(xi), α
2(xj)]C , α
2
β(x1), .., x̂k,i,j , ..α
2
β(xn+1), β(xn+2)) (3.30)
+
n+1∑
1≤i≤j
∑
i<k<j
(−1)i+j+kL(αnβn(xk))f([αβ(xi), α
2(xj)]C , α
2
β(x1), .., x̂i,k,j , ..α
2
β(xn+1), β(xn+2)) (3.31)
+
n+1∑
1≤i≤j
∑
j<k
(−1)i+j+k+1L(αnβn(xk))f([αβ(xi), α
2(xj)]C , α
2
β(x1), .., x̂i,j,k, ..α
2
β(xn+1), β(xn+2)) (3.32)
+
n+1∑
1≤i≤j
(−1)i+jR(βn(xn+2))f(αβ
2(x1), .., x̂i,j , .., αβ
2(xn+1), [α
n−1
β(xi), α
n(xj)]C) (3.33)
−
n+1∑
1≤i≤j
∑
k<i
(−1)i+j+kR(βn(xn+2))f([β
2(xi), αβ(xj)]C , αβ
2(x1), .., x̂k,i,j , .., αβ
2(xn+1), α
n
β(xk)) (3.34)
+
n+1∑
1≤i≤j
∑
i<k<j
(−1)i+j+kR(βn(xn+2))f([β
2(xi), αβ(xj)]C , αβ
2(x1), .., x̂i,k,j , .., αβ
2(xn+1), α
n
β(xk)) (3.35)
−
n+1∑
1≤i≤j
∑
j<k
(−1)i+j+kR(βn(xn+2))f([β
2(xi), αβ(xj)]C , αβ
2(x1), .., x̂i,j,k, .., αβ
2(xn+1), α
n
β(xk)) (3.36)
−
n+1∑
1≤i≤j
(−1)i+jf(α2β2(x1), .., x̂i,j , .., α
2
β
2(xn+1), [α
n−1
β(xi), α
n(xj)]C · β
n(xn+2)) (3.37)
+
n+1∑
1≤i≤j
∑
k<i
(−1)i+j+kf([αβ2(xi), α
2
β(xj)], α
2
β
2(x1), .., x̂k,i,j , .., α
2
β
2(xn+1), α
n
β(xk) · β(xn+2)) (3.38)
−
n+1∑
1≤i≤j
∑
i<k<j
(−1)i+j+kf([αβ2(xi), α
2
β(xj)], α
2
β
2(x1), .., x̂i,k,j , .., α
2
β
2(xn+1), α
n
β(xk) · β(xn+2)) (3.39)
+
n+1∑
1≤i≤j
∑
j<k
(−1)i+j+kf([αβ2(xi), α
2
β(xj)], α
2
β
2(x1), .., x̂i,j,k, .., α
2
β
2(xn+1), α
n
β(xk) · β(xn+2)) (3.40)
−
n+1∑
1≤i≤j
∑
l<i
(−1)i+j+lf([[β2(xi), αβ(xj)], α
2
β(xl)], α
2
β
2(x1), .., x̂l,i,j , .., α
2
β
2(xn+1), β
2(xn+2)) (3.41)
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+n+1∑
1≤i≤j
∑
i<l<j
(−1)i+j+lf([[β2(xi), αβ(xj)], α
2
β(xl)], α
2
β
2(x1), .., x̂i,l,j , .., α
2
β
2(xn+1), β
2(xn+2)) (3.42)
−
n+1∑
1≤i≤j
∑
j<l
(−1)i+j+lf([[β2(xi), αβ(xj)], α
2
β(xl)], α
2
β
2(x1), .., x̂i,j,l, .., α
2
β
2(xn+1), β
2(xn+2)) (3.43)
+
n+1∑
1≤i≤j
∑
k<l<i
(−1)i+j+l+kf([αβ2(xk), α
2
β(xl)]C , [αβ
2(xi), α
2(xj)]C , α
2
β
2(x1), ..,
x̂k,l,i,j , .., α
2
β
2(xn+1), β
2(xn+2)) (3.44)
−
n+1∑
1≤i≤j
∑
k<i<l<j
(−1)i+j+l+kf([αβ2(xk), α
2
β(xl)]C , [αβ
2(xi), α
2(xj)]C , α
2
β
2(x1), ..,
x̂k,i,l,j , .., α
2
β
2(xn+1), β
2(xn+2)) (3.45)
+
n+1∑
1≤i≤j
∑
k<i<j<l
(−1)i+j+l+kf([αβ2(xk), α
2
β(xl)]C , [αβ
2(xi), α
2(xj)]C , α
2
β
2(x1), ..,
x̂k,i,j,l, .., α
2
β
2(xn+1), β
2(xn+2)) (3.46)
−
n+1∑
1≤i≤j
∑
i<k<l<j
(−1)i+j+l+kf([αβ2(xk), α
2
β(xl)]C , [αβ
2(xi), α
2(xj)]C , α
2
β
2(x1), ..,
x̂i,k,l,j , .., α
2
β
2(xn+1), β
2(xn+2)) (3.47)
+
n+1∑
1≤i≤j
∑
i<k<j<l
(−1)i+j+l+kf([αβ2(xk), α
2
β(xl)]C , [αβ
2(xi), α
2(xj)]C , α
2
β
2(x1), ..,
x̂i,k,j,l, .., α
2
β
2(xn+1), β
2(xn+2)) (3.48)
−
n+1∑
1≤i≤j
∑
j<k<l
(−1)i+j+l+kf([αβ2(xk), α
2
β(xl)]C , [αβ
2(xi), α
2(xj)]C , α
2
β
2(x1), ..,
x̂i,j,k,l, .., α
2
β
2(xn+1), β
2(xn+2)). (3.49)
In Ω1, ...Ω4. x̂i,j,k,l means that we omits the items xi, xj , xk, xl.
Using Eq.(2.8), we have (3.2) + (3.3) + (3.29) = 0. Using Eq.(2.9), we have
(3.4) + (3.11) + (3.13)− (3.22) = (3.5) + (3.12) + (3.14)− (3.23) = 0.
It evident to see that
(3.10)+(3.30) = (3.9)+(3.31) = (3.8)+(3.32) = (3.6)−(3.21) = (3.7)−(3.20) = (3.15)+(3.16)+(3.33) = 0,
and
(3.17)+(3.36) = (3.18)+(3.35) = (3.19)+(3.34) = (3.26)−(3.40) = (3.27)−(3.39) = (3.28)−(3.38) = 0.
Using identity of BiHom-left-symmetric algebra Eq.(2.1), we have
(3.24) + (3.25)− (3.37) = 0.
Since AC is BiHom-Lie algebra, then using the BiHom-Jacobi identity (1.1) we have (3.41)+(3.42)+
(3.43) = 0. Finally, it easy to see that (3.44) + · · ·+ (3.49) = 0.
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Denote the set of n-cocycles by Zn(A;V ) = ker(∂n) and the set of n-cobords by Bn(A;V ) =
Im(∂n−1). We denote by Hn(A;V ) = Zn(A;V )/Bn(A;V ) the corresponding cohomology groups
of the BiHom-left-symmetric algebra (A, ·, α, β) with the coefficient in the representation (V, L,R, φ, ψ).
4 Linear deformations of BiHom-left-symmetric algebras
In this section, we study linear deformations of BiHom-left-symmetric algebras using the coho-
mology defined in the previous section, and introduce the notion of a Nijenhuis operator on a
BiHom-left-symmetric algebra. We show that a Nijenhuis operator gives rise to a trivial deforma-
tion.
Let (A, ·, α, β) be a BiHom-left-symmetric algebra. In the sequel, we will also denote the
BiHom-left-symmetric multiplication · by Π.
Definition 4.1. Let (A,Π, α, β) be a BiHom-left-symmetric algebra and π ∈ C2(A;A) be a bilinear
operator, satisfying π ◦ (α⊗ α) = α ◦ π and π ◦ (β ⊗ β) = β ◦ π. If
Πt = Π+ tπ
is still a BiHom-left-symmetric multiplication on A for all t, we say that ω generates a (one-
parameter) linear deformation of a BiHom-left-symmetric algebra (A,Π, α, β).
It is direct to check that Πt = Π+ tπ is a linear deformation of a Hom-left-symmetric algebra
(A,Π, α, β) if and only if for any x, y, z ∈ g, the following two equalities are satisfied:
π(β(x), α(y)) · β(z) + π(β(x) · α(y), β(z))− αβ(x) · π(α(y), z)− π(αβ(x), α(y) · z)
−π(β(y), α(x)) · β(z)− π(β(y) · α(x), β(z)) + αβ(y) · π(α(x), z) + π(αβ(y), α(x) · z) = 0, (4.1)
π(π(β(x), α(y)), β(z)) − π(αβ(x), π(α(y), z)) − π(π(β(y), α(x)), β(z)) + π(αβ(y), π(α(x), z)) = 0.
(4.2)
Obviously, (4.1) means that π is a 2-cocycle of the BiHom-left-symmetric algebra (A, ·, α, β) with
the coefficient in the adjoint representation, i.e.
∂2π(x, y, z) = 0.
Furthermore, (4.2) means that (A, π, α, β) is a BiHom-left-symmetric algebra.
Definition 4.2. Let (A,Π, α, β) be a BiHom-left-symmetric algebra. Two linear deformations
Π1t = Π+ tπ1 and Π
2
t = Π+ tπ2 are said to be equivalent if there exists a linear operator N ∈ gl(A)
such that Tt = Id + tN is a BiHom-left-symmetric algebra homomorphism from (A,Π
2
t , α, β) to
(A,Π1t , α, β). In particular, a linear deformation Πt = Π + tπ of a BiHom-left-symmetric algebra
(A,Π, α, β) is said to be trivial if there exists a linear operator N ∈ gl(A) such that Tt = Id + tN
is a BiHom-left-symmetric algebra homomorphism from (A,Πt, α, β) to (A,Π, α, β).
Let Tt = Id + tN be a homomorphism from (A,Π
2
t , α, β) to (A,Π
1
t , α, β). By (2.5)-(2.6), we
have
N ◦ α = α ◦N and N ◦ β = β ◦N. (4.3)
Then by (2.4) we obtain
π2(x, y)− π1(x, y) = N(x) · y + x ·N(y)−N(x · y), (4.4)
15
π1(x,N(y)) + π1(N(x), y) = N(π2(x, y))−N(x) ·N(y), (4.5)
π1(N(x), N(y)) = 0. (4.6)
Note that (4.4) means that π2 − π1 = ∂
1(N). Thus, we have
Theorem 4.3. Let (A,Π, α, β) be a BiHom-left-symmetric algebra. If two linear deformations
Π1t = Π+ tπ1 and Π
2
t = Π+ tπ2 are equivalent, then π1 and π2 are in the same cohomology class
of H2(A;A).
Definition 4.4. Let (A, ·, α, β) be a BiHom-left-symmetric algebra. A linear operator N ∈ gl(A)
is called a Nijenhuis operator on (A, ·, α, β) if N satisfies (4.3) and the equation
N(x) ·N(y) = N(x ·N y), ∀x, y ∈ A. (4.7)
where the product ·N is defined by
x ·N y := N(x) · y + x ·N(y)−N(x · y). (4.8)
By (4.3)-(4.6), a trivial linear deformation of a BiHom-left-symmetric algebra gives rise to a Ni-
jenhuis operator N . Conversely, a Nijenhuis operator can also generate a trivial linear deformation
as the following theorem shows.
Theorem 4.5. Let N be a Nijenhuis operator on a BiHom-left-symmetric algebra (A,Π, α, β).
Then a linear deformation (A,Πt, α, β) of the BiHom-left-symmetric algebra (A,Π, α, β) can be
obtained by putting
π(x, y) = ∂1(N)(x, y) = x ·N y. (4.9)
Furthermore, the linear deformation (A,Πt, α, β) is trivial.
Proof. Using (4.9), we have π ◦ (α ⊗ α) = α ◦ π, π ◦ (β ⊗ β) = β ◦ π and ∂2π = 0. To show that
π generates a linear deformation of the BiHom-left-symmetric algebra (A, ·, α, β), we only need to
verify that (4.2) holds. This means that, (A, π, α, β) is a BiHom-left-symmetric algebra. By simple
computations, we obtain
π(π(β(x), α(y)), β(z)) − π(αβ(x), π(α(y), z)) − π(π(β(y), α(x)), β(z)) + π(αβ(y), π(α(x), z))
=(N(β(x)) ·N(α(y))) · β(z) + (N(β(x)) · α(y)) ·N(β(z)) + (β(x) ·N(α(y))) ·N(β(z))
−N(β(x) · α(y)) ·N(β(z))−N
(
(N(β(x)) · α(y)) · β(z)
)
−N
(
(β(x) ·N(α(y))) · β(z)
)
+N
(
N(β(x) · α(y)) · β(z)
)
−N(αβ(x)) · (N(α(y)) · z)−N(αβ(x)) · (α(y) ·N(z))
+N(αβ(x)) ·N(α(y) · z)− αβ(x) · (N(α(y)) ·N(z)) +N
(
αβ(x) · (N(α(y)) · z)
)
+N
(
αβ(x) · (α(y) ·N(z))
)
−N
(
αβ(x) ·N(α(y) · z)
)
− (N(β(y)) ·N(α(x))) · β(z)
−(N(β(y)) · α(x)) ·N(β(z))− (β(y) ·N(α(x))) ·N(β(z)) +N(β(y) · α(x)) ·N(β(z))
+N
(
(N(β(y)) · α(x)) · β(z)
)
+N
(
(β(y) ·N(α(x))) · β(z)
)
−N
(
N(β(y) · α(x)) · β(z)
)
+N(αβ(y)) · (N(α(x)) · z) +N(αβ(y)) · (α(x) ·N(z))−N(αβ(y)) ·N(α(x) · z)
+αβ(y) · (N(α(x)) ·N(z))−N
(
αβ(y) · (N(α(x)) · z)
)
−N
(
αβ(y) · (α(x) ·N(z))
)
+N
(
αβ(y) ·N(α(x) · z)
)
.
Since N commutes with α and β, by the definition of a BiHom-left-symmetric algebra, we get
(N(β(x)) · α(y)) ·N(β(z))−N(αβ(x)) · (α(y) ·N(z))
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−(β(y) ·N(α(x))) ·N(β(z)) + αβ(y) · (N(α(x)) ·N(z)) = 0,
(N(β(y)) · α(x)) ·N(β(z))−N(αβ(y)) · (α(x) ·N(z))
−(β(x) ·N(α(y))) ·N(β(z)) + αβ(x) · (N(α(y)) ·N(z)) = 0,
(N(β(x)) ·N(α(y))) · β(z)−N(αβ(x)) · (N(α(y)) · z)
−(N(β(y)) ·N(α(x))) · β(z) +N(αβ(y)) · (N(α(x)) · z) = 0.
Since N is a Nijenhuis operator, by the definition of a BiHom-left-symmetric algebra, we obtain
−N(β(x) · α(y)) ·N(β(z)) +N(αβ(x)) ·N(α(y) · z) +N(β(y) · α(x)) ·N(β(z))−N(αβ(y)) ·N(α(x) · z)
=−N
(
(β(x) · α(y)) ·N β(z)
)
+N
(
αβ(x) ·N (α(y) · z)
)
+N
(
(β(y) · α(x)) ·N β(z)
)
−N
(
αβ(y) ·N (α(x) · z)
)
=−N
(
N(β(x) · α(y)) · β(z)
)
−N
(
(β(x) · α(y)) ·N(β(z))
)
+N
(
N(αβ(x)) · (α(y) · z)
)
+N
(
αβ(x) ·N(α(y) · z)
)
+N
(
N(β(y) · α(x)) · β(z)
)
+N
(
(β(y) · α(x)) ·N(β(z))
)
−N
(
N(αβ(y)) · (α(x) · z)
)
−N
(
αβ(y) ·N(α(x) · z)
)
.
Therefore, we have
pi(pi(β(x), α(y)), β(z))− pi(αβ(x), pi(α(y), z))− pi(pi(β(y), α(x)), β(z)) + pi(αβ(y), pi(α(x), z))
=−N
(
(β(x) · α(y)) ·N(β(z))
)
+N
(
αβ(x) · (α(y) ·N(z))
)
+N
(
(β(y) · α(x)) ·N(β(z))
)
−N
(
αβ(y) · (α(x) ·N(z))
)
−N
(
(N(β(x)) · α(y)) · β(z)
)
+N
(
N(αβ(x)) · (α(y) · z)
)
+N
(
(β(y) ·N(α(x))) · β(z)
)
−N
(
αβ(y) · (N(α(x)) · z)
)
+N
(
(N(β(y)) · α(x)) · β(z)
)
−N
(
N(αβ(y)) · (α(x) · z)
)
−N
(
(β(x) ·N(α(y))) · β(z)
)
+N
(
αβ(x) · (N(α(y)) · z)
)
= 0.
Thus, π generates a linear deformation of the BiHom-left-symmetric algebra (A, ·, α, β).
We define Tt = Id + tN . It is straightforward to deduce that Tt = Id + tN is a BiHom-
left-symmetric algebra homomorphism from (A,Πt, α, β) to (A,Π, α, β). Thus, the deformation
generated by π = ∂1(N) is trivial.
By (4.7) and Theorem 4.5, we have the following corollary.
Corollary 4.6. Let N be a Nijenhuis operator on a BiHom-left-symmetric algebra (A, π, α, β),
then (A, ·N , α, β) is a BiHom-left-symmetric algebra, and N is a homomorphism from (A, ·N , α, β)
to (A, ·, α, β).
Now, we recall linear deformations of BiHom-Lie algebras and Nijenhuis operators on BiHom-
Lie algebras, which give trivial deformations of BiHom-Lie algebras.
Definition 4.7. Let (g, [·, ·], α, β) be a BiHom-Lie algebra and π ∈ C2(g; g) a skew-symmetric
bilinear operator, satisfying π ◦ (α⊗α) = α ◦π and π ◦ (β⊗β) = β ◦π. Consider a t-parameterized
family of bilinear operations,
[·, ·]t = [·, ·] + tπ.
If (g, [·, ·]t, α, β) is a BiHom-Lie algebra for all t, we say that π generates a (one-parameter) linear
deformation of a BiHom-Lie algebra (g, [·, ·], α, β).
Definition 4.8. Let (g, [·, ·], α, β) be a BiHom-Lie algebra. A linear operator N ∈ gl(A) is called
a Nijenhuis operator on (g, [·, ·], α, β) if we have
N ◦ α = α ◦N, (4.10)
[N(x), N(y)] = N [x, y]N , ∀x, y ∈ g. (4.11)
where the bracket [·, ·]N is defined by
[x, y]N , [N(x), y] + [x,N(y)]−N [x, y]. (4.12)
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Proposition 4.9. If π ∈ C2(A;A) generates a linear deformation of a BiHom-left-symmetric
algebra (A, ·, α, β), then πC ∈ C
2(AC ;A) defined by
πC(x, y) = π(x, y)− π(α
−1β(y), αβ−1(x))
generates a linear deformation of the sub-adjacent BiHom-Lie algebra AC .
Proof. Assume that π generates a linear deformation of a BiHom-left-symmetric algebra (A, ·, α, β).
Then (A,Πt, α, β) is a BiHom-left-symmetric algebra. Consider its corresponding sub-adjacent
BiHom-Lie algebra (A, [·, ·]t, α, β), we have
[x, y]t = Πt(x, y)−Πt(α
−1β(y), αβ−1(x))
= x · y + tπ(x, y) − α−1β(y) · αβ−1(x)− tπ(α−1β(y), αβ−1(x))
= [x, y]C + tψC(x, y).
Thus, ψC generates a linear deformation of A
C .
Proposition 4.10. If N is a Nijenhuis operator on a BiHom-left-symmetric algebra (A, ·, α, β),
then N is a Nijenhuis operator on the subadjacent BiHom-Lie algebra AC .
Proof. Since N is a Nijenhuis operator on (A, ·, α, β), we have N ◦ α = α ◦N and N ◦ β = β ◦N .
For all x, y ∈ A, by Definition 4.4, we have
[N(x), N(y)]C = N(x) ·N(y)− α
−1β(N(y)) · αβ−1(N(x))
=N
(
N(x) · y + x ·N(y)−N(x · y)−N(α−1β(y)) · αβ−1(x) − α−1β(y) ·N(αβ−1(x)) +N(α−1β(y) · αβ−1(x))
)
=N([N(x), y]C + [x,N(y)]C −N [x, y]C).
Thus, N is a Nijenhuis operator on AC .
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